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Abstract

ThenonnegativeBoltzmannmachine(NNBM) is a recurrentneuralnet-
work modelthatcandescribemultimodalnonnegativedata.Application
of maximumlikelihoodestimationto thismodelgivesalearningrulethat
is analogousto thebinaryBoltzmannmachine.Weexaminetheutility of
the meanfield approximationfor the NNBM, anddescribehow Monte
Carlo samplingtechniquescanbe usedto learnits parameters.Reflec-
tive slice samplingis particularly well-suitedfor this distribution, and
canefficiently be implementedto samplethe distribution. We illustrate
learningof theNNBM on a translationallyinvariantdistribution,aswell
ason agenerativemodelfor imagesof humanfaces.

Intr oduction

The multivariateGaussianis the mostelementarydistribution usedto modelgenericda-
ta. It representsthemaximum entropy distribution undertheconstraintthat themeanand
covariancematrix of the distribution matchthat of the data. For the caseof binary data,
themaximumentropy distribution thatmatchesthefirst andsecondorderstatisticsof the
datais given by the Boltzmannmachine[1]. The probability of a particularstatein the
Boltzmannmachineis givenby theexponentialform:���������
	���
�����	 
������� ���� 
� � �"! ���$#%�"!���!'& � �)( �$���+*,.- (1)

InterpretingEq.1 asa neuralnetwork, theparameters
# �/!

representsymmetric,recurrent
weightsbetweenthedifferentunits in thenetwork, and ( � representlocal biases.Unfortu-
nately, theseparametersarenot simply relatedto theobservedmeanandcovarianceof the
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Figure1: a) Probabilitydensityandb) shadedcontourplot of a two dimensionalcompeti-
tive NNBM distribution. Theenergy function 2 �+34� for this distribution containsa saddle
pointandtwo localminima,which generatestheobservedmultimodaldistribution.

dataasthey arefor thenormalGaussian.Instead,they needto beadaptedusinganiterative
learningrule thatinvolvesdifficult samplingfrom thebinarydistribution [2].

TheBoltzmannmachinecanalsobegeneralizedto continuousandnonnegativevariables.
In this case,themaximumentropy distribution for nonnegativedatawith known first and
secondorderstatisticsis describedby a distribution previously calledthe“rectified Gaus-
sian”distribution [3]: ���536�7	98;:< �=���?> � 2 �+34�A@ if

3B��CED%FHGJID
if any
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wheretheenergy function 2 �536� andnormalizationconstant
�

are:2 �536�M	 
� 3BNO#P3 � ( N
3
I (3)� 	 QLR�S4TVUW3 �����V> � 2 �534�X@$- (4)

The propertiesof this nonnegative Boltzmannmachine(NNBM) distribution differ quite
substantiallyfrom thatof thenormalGaussian.In particular, thepresenceof thenonnega-
tivity constraintsallowsthedistributionto havemultiplemodes.For example,Fig. 1 shows
a two-dimensionalNNBM distribution with two separatemaximalocatedagainsttherec-
tifying axes.Sucha multimodaldistributionwould bepoorly modelledby a singlenormal
Gaussian.

In this submission,we discusshow a multimodalNNBM distribution canbelearnedfrom
nonnegativedata.We show the limitationsof meanfield approximationsfor this distribu-
tion,andillustratehow recentdevelopmentsin efficientsamplingtechniquesfor continuous
belief networkscanbe usedto tunetheweightsof the network [4]. Specificexamplesof
learningaredemonstratedon a translationallyinvariantdistribution,aswell ason a gener-
ativemodelfor faceimages.

Maximum Lik elihood

The learningrule for the NNBM canbe derivedby maximizingthe log likelihoodof the
observed dataunderEq. 2. Given a setof nonnegative vectors
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indexesthedifferentexamples,thelog likelihoodis:_`	 
^ a�Zcb :�d]eWf ���gY3 Z ��	
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�
d]eWf �P- (5)

Takingthederivativesof Eq.5 with respectto theparameters
#

and ( gives:h _h # �"! 	 i+3B�j3�!�kAl � i534�+3L!�kXm
(6)h _h ( � 	 i+3 � k m � i53 � k l I
(7)

wherethesubscript“c” denotesa “clamped”averageover the data,andthesubscript“f ”
denotesa “free” averageover theNNBM distribution:ijno�536�pk m 	 
^ a�Zcb : no�gY3 Z � (8)ijno�536�pkXlq	 QrRWSBT
Us3%���536�pno�+34�t-

(9)

Thesederivativesareusedto definea gradientascentlearningrule for theNNBM that is
similar to that of the binary Boltzmannmachine.The contrastbetweenthe clampedand
freecovariancematrix is usedto updatetheiteractions

#
, while thedifferencebetweenthe

clampedandfreemeansis usedto updatethelocalbiases( .
Mean field approximation

The major difficulty with this learningalgorithmlies in evaluatingthe averages
i53 � 3 ! k l

and
i534�AkXl

. Becauseit is analytically intractableto calculatethesefree averagesexactly,
approximationsare necessaryfor learning. Mean field approximationshave previously
beenproposedasadeterministicalternativefor learningin thebinaryBoltzmannmachine,
althoughtherehavebeencontrastingviewsontheirvalidity [5, 6]. Here,we investigatethe
utility of meanfield theoryfor approximatingtheNNBM distribution.

The meanfield equationsarederived by approximatingthe NNBM distribution in Eq. 2
with thefactorizedform:u �536��	wv � u x�y �534�$��	�v � 
zO{ 
| �~} 3B�| �s�P�'�s� R

yx y I
(10)

wherethedifferentmarginaldensities

u �53 � �
arecharacterizedby themeans| � with afixed

constantz . Theproductof z -distributionsis thenaturalfactorizabledistribution for non-
negativerandomvariables.

Theoptimalmeanfield parameters| � aredeterminedby minimizing theKullback-Leibler
divergencebetweentheNNBM distributionandthefactorizeddistribution:�����o� u���� � ��	�Q�Us3 u �536� d]eWf

� u �+34����+34��� 	.i 2 �+34�pkp��� R�� & d�esf �
��� � u ��-

(11)

Finding the minimum of Eq. 11 by settingits derivativeswith respectto the meanfield
parameters| � to zerogivesthesimplemeanfield equations:# ��� | � 	�� z &�
����� ( � � � ! # �/! | ! & 
| ���� (12)
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Figure2: a) Slicesamplingin onedimension.Giventhecurrentsamplepoint,
34�

, a height��� > D I¢¡O���536�A@ is randomlychosen.This definesa slice
�53 �¤£ � ¡O���536� C � � in which a

new
3 ��¥ : is chosen.b) For a multidimensionalsliceS, thenew point

3 ��¥ : is chosenusing
ballistic dynamicswith specularreflectionsoff theinteriorboundariesof theslice.

Theseequationscan then be solved self-consistentlyfor | � . The “free” statisticsof the
NNBM arethenreplacedby their statisticsunderthefactorizeddistribution

u �534�
:i534�$kXl�¦ | �¢IPi53B�j3�!�kXl�¦ > � z &)
��p§'&)� z &)
���¨g�/!�@ | � | !W- (13)

The fidelity of this approximationis determinedby how well the factorizeddistribution
u �+34�

modelsthe NNBM distribution. Unfortunately, for distributions suchas the one
shown in Fig. 3, themeanfield approximationis quitedifferentfrom thatof thetruemul-
timodal NNBM distribution. This suggeststhat the naive meanfield approximationis i-
nadequatefor learningin the NNBM, andin fact attemptsto usethis approximationfail
to learntheexamplesgivenin following sections.However, themeanfield approximation
canstill beusedto initialize theparametersto reasonablevaluesbeforeusingthesampling
techniquesthataredescribedbelow.

Monte-Carlo sampling

A moredirectapproachto calculatingthe“free” averagesin Eq.6–7is to numericallyap-
proximatethem. This canbeaccomplishedby usingMonteCarlosamplingto generatea
representativesetof pointsthatsufficiently approximatethestatisticsof thecontinuousdis-
tribution. In particular, Markov chainMonte-Carlomethodsemploy aniterativestochastic
dynamicswhoseequilibriumdistribution convergesto thatof thedesireddistribution [4].
For thebinaryBoltzmannmachine,suchsamplingdynamicsinvolvesrandom“spin flips”
which changethevalueof a singlebinarycomponent.Unfortunately, thesesinglecompo-
nentdynamicsareeasilycaughtin local energy minima,andcanconvergevery slowly for
large systems.This makessamplingthe binary distribution very difficult, andmorespe-
cializedcomputationaltechniquessuchassimulatedannealing,clusterupdates,etc.,have
beendevelopedto try to circumventthis problem.

For the NNBM, the useof continuousvariablesmakesit possibleto investigatedifferent
stochasticdynamicsin orderto moreefficiently samplethe distribution. We first experi-
mentedwith Gibbssamplingwith orderedoverrelaxation[7], but found that the required
inversionof the error function was too computationallyexpensive. Instead,the recently
developedmethodof slicesampling[8] seemsparticularlywell-suitedfor implementation
in theNNBM.

The basicideaof the slice samplingalgorithmis shown in Fig. 2. Given a samplepoint3B�
, a random�©� > DLIª¡«���+3B�A�A@ is first uniformly chosen.Thena slice £ is definedasthe

connectedsetof points
�53 �¬£ � ¡O���536�­C � � , andthe new point

3B�]¥ : �¬£ is chosen
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Figure3: Contoursof thetwo-dimensionalcompetitiveNNBM distribution overlaidby a)z 	³
 meanfield approximationandb) 500reflectedslicesamples.

randomlyfrom this slice. The distribution of
3B´

for large µ canbe shown to converge
to the desireddensity

���+34�
. Now, for the NNBM, solving the boundarypointsalonga

particulardirectionin a givenslice is quitesimple,sinceit only involvessolvingtheroots
of a quadraticequation.In orderto efficiently choosea new point within a particularslice,
reflective “billiard ball” dynamicsareused. A randominitial velocity is chosen,andthe
new point is evolvedby travelling acertaindistancefrom thecurrentpointwhile specularly
reflectingfrom theboundariesof theslice. Intuitively, thereversibility of thesereflections
allows thedynamicsto satisfydetailedbalance.

In Fig. 3, the meanfield approximationand reflective slice samplingare usedto mod-
el the two-dimensionalcompetitive NNBM distribution. The poor fit of the meanfield
approximationis apparentfrom theunimodalityof the factorizeddensity, while the sam-
ple pointsfrom the reflective slicesamplingalgorithmaremorerepresentative of the un-
derlyingNNBM distribution. For higherdimensionaldata,the meanfield approximation
becomesprogressively worse. It is thereforenecessaryto implementthe numericalslice
samplingalgorithmin orderto accuratelyapproximatetheNNBM distribution.

Translationally invariant model

Ben-Yishaietal. haveproposedamodelfor orientationtuningin primaryvisualcortex that
canbeinterpretedasa cooperativeNNBM distribution [9]. In theabsenceof visual input,
thefiring ratesof ¶ corticalneuronsaredescribedasminimizingtheenergy function 2 �534�
with parameters: # �/!· 	 ¨=�"!7& 
¶ �¹¸¶»º es¼ � �c½¶

� G �¿¾ � �
(14)( �· 	 


This distribution wasusedto testtheNNBM learningalgorithm.First, a largesetof ¶ 	�WÀ
dimensionalnonnegative training vectorsweregeneratedby samplingthe distribution

with
· 	 À D

and
¸ 	)Á

. Usingthesesamplesastrainingdata,the
#

and ( parameterswere
learnedfrom aunimodalinitializationby evolving thetrainingvectorsusingreflectiveslice
sampling,andtheseevolvedvectorswereusedto calculatethe“free” averagesin Eq.6–7.
The

#
and ( estimateswerethenupdated,andthisprocedurewasiterateduntil theevolved

averagesmatchedthatof thetrainingdata.Thelearned
#

and ( parameterswerethenfound
to almostexactlymatchtheoriginal form in Eq.14. Somerepresentativesamplesfrom the
learnedNNBM distributionareshown in Fig. 4.
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Figure4: Representativesamplestakenfrom a NNBM aftertrainingto learna translation-
ally invariantcooperativedistributionwith
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Figure5: a) Morphing of a faceimageby successive samplingfrom the learnedNNBM
distribution. b) Samplesgeneratedfrom a normalGaussian.

Generativemodel for faces

We havealsousedtheNNBM to learna generativemodelfor imagesof humanfaces.The
NNBM is usedto modelthecorrelationsin thecoefficientsof thenonnegativematrix fac-
torization(NMF) of thefaceimages[10]. NMF reducesthedimensionalityof nonnegative
databy decomposingthe faceimagesinto partscorrepondingto eyes,noses,ears,etc. S-
incethedifferentpartsarecoactivatedin reconstructingaface,theactivationsof theseparts
containsignificantcorrelationsthat needto be capturedby a generative model. Herewe
briefly demonstratehow theNNBM is ableto learnthesecorrelations.

Samplingfrom the NNBM stochasticallygeneratescoefficientswhich cangraphicallybe
displayedasfaceimages.Fig. 5 shows somerepresentative faceimagesasthe reflective
slicesamplingdynamicsevolvesthecoefficients.Also displayedin thefigurearetheanal-
ogousimagesgeneratedif a normalGaussianis usedto modelthecorrelationsinstead.It
is clearthat the nonnegativity constraintsandmultimodalnatureof the NNBM resultsin
sampleswhich arecleanerandmoredistinctasfaces.



Discussion

Herewe have introducedthe NNBM asa recurrentneuralnetwork model that is ableto
describemultimodalnonnegative data. Its applicationis madepracticalby the efficiency
of theslicesamplingMonteCarlomethod.Thelearningalgorithmincorporatesnumerical
samplingfrom the NNBM distribution andis ableto learnfrom observationsof nonneg-
ative data. We have demonstratedthe applicationof NNBM learningto a cooperative,
translationallyinvariantdistribution,aswell asto realdatafrom imagesof humanfaces.

Extensionsto the presentwork includeincorporatinghiddenunits into the recurrentnet-
work. Theadditionof hiddenunits impliesmodellingcertainhigherorderstatisticsin the
data,andrequirescalculatingaveragesover thesehiddenunits.We anticipatethemarginal
distribution over theseunitsto bemostcommonlyunimodal,andhencemeanfield theory
shouldbevalid for approximatingtheseaverages.

Another possibleextensioninvolves generalizingthe NNBM to model continuousdata
confinedwithin acertainrange,i.e.

D�Â©3 � Â�

. In thissituation,slicesamplingtechniques

wouldalsobeusedto efficiently generaterepresentativesamples.In any case,wehopethat
this work stimulatesmoreresearchinto usingthesetypesof recurrentneuralnetworks to
modelcomplex, multimodaldata.
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