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Abstract

The nonngative BoltzmannmachinglNNBM) is arecurrenineuralnet-
work modelthatcandescribemultimodalnonneyative data. Application
of maximumilik elihoodestimatiorto thismodelgivesalearningrule that
is analogouso thebinaryBoltzmannmachine We examinethe utility of
the meanfield approximationfor the NNBM, anddescribehow Monte
Carlo samplingtechniqguesanbe usedto learnits parametersReflec-
tive slice samplingis particularly well-suitedfor this distribution, and
canefficiently be implementedo samplethe distribution. We illustrate
learningof theNNBM on atranslationallyinvariantdistribution, aswell
ason ageneratie modelfor imagesof humanfaces.

Intr oduction

The multivariate Gaussiaris the mostelementarydistribution usedto modelgenericda-
ta. It representshe maximum entropy distribution underthe constraintthat the meanand
covariancematrix of the distribution matchthat of the data. For the caseof binary data,
the maximumentrogy distribution that matcheghe first and secondorder statisticsof the
datais given by the Boltzmannmachine[1]. The probability of a particularstatein the
Boltzmannmachines givenby the exponentialform:

1 1
P({s; = £1}) = = exp ~3 ZSiAijsj + Zbisi . (1)

InterpretingEq. 1 asa neuralnetwork, the parametersd;; represensymmetric,recurrent
weightsbetweerthe differentunitsin the network, andb; representocal biases.Unfortu-
nately theseparameterarenot simply relatedto the obsered meanandcovarianceof the
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Figurel: a) Probabilitydensityandb) shaded:ontourplot of a two dimensionaktompeti-
tive NNBM distribution. The enegy function E(z) for this distribution containsa saddle
pointandtwo local minima,which generatethe obsenedmultimodaldistribution.

dataasthey arefor thenormalGaussianinsteadthey needto beadaptedisinganiterative
learningrule thatinvolvesdifficult samplingfrom the binary distribution [2].

The Boltzmannmachinecanalsobe generalizedo continuousandnonngjative variables.
In this case the maximumentroyy distribution for nonneative datawith known first and
secondorderstatisticsis describedy a distribution previously calledthe “rectified Gaus-
sian” distribution [3]:

1 . .
_ [exp[—E(z)] if z; >0V,
Pla) = {0 if arny z; < 0, @
wheretheenegy function E(z) andnormalizationconstantZ are:
1
E(x) = ixTA:U — b7z, 3)
Z = dz exp[—E(z)]. (4)
>0

The propertiesof this nonngative Boltzmannmachine(NNBM) distribution differ quite
substantiallyfrom thatof the normalGaussianin particulay the presencef the nonnaya-
tivity constraintsallowsthedistributionto have multiple modes For example,Fig. 1 shavs
atwo-dimensionaNNBM distribution with two separatenaximalocatedagainstherec-
tifying axes.Sucha multimodaldistribution would be poorly modelledby a singlenormal
Gaussian.

In this submissionye discusshow a multimodalNNBM distribution canbe learnedfrom
nonnegative data. We show the limitations of meanfield approximationdor this distribu-
tion, andillustratehow recentdevelopmentsn efficientsamplingtechniquegor continuous
belief networks canbe usedto tunethe weightsof the network [4]. Specificexamplesof
learningaredemonstratedn a translationallyinvariantdistribution, aswell ason a gener
ative modelfor faceimages.

Maximum Lik elihood

The learningrule for the NNBM canbe derived by maximizingthe log likelihoodof the
obsered dataunderEq. 2. Given a setof nonneative vectors{z"}, wherey = 1..M



indexesthedifferentexamplesthelog likelihoodis:

1 & 1 &
L=+ > log P(#) = i > E(#) —log Z. (5)
u=1 u=1
Takingthe derivativesof Eq. 5 with respecto the parameterst andb gives:
oL
oA, - (mizj)e — (TiTj)e (6)
oL
3_61' = (Ti)e — (@i, (7)

wherethe subscript'c” denotesa “clamped” averageover the data,andthe subscript‘f ”
denotes “free” averageoverthe NNBM distribution:

1 M
U = 3525 ®)
e = [ deP@)f() ©)

Thesederivativesare usedto definea gradientascentearningrule for the NNBM thatis
similar to that of the binary Boltzmannmachine. The contrastbetweenthe clampedand
free covariancematrixis usedto updatetheiteractionsA4, while the differencebetweerthe
clampedandfree meanss usedto updatethelocal biases.

Mean field approximation

The major difficulty with this learningalgorithmlies in evaluatingthe averages(z;x;)r

and({z;)¢. Becausat is analyticallyintractableto calculatethesefree averagesexactly,

approximationsare necessaryor learning. Mean field approximationshave previously
beenproposedisa deterministicalternatve for learningin thebinary Boltzmannmachine,
althoughtherehave beencontrastingrziews on their validity [5, 6]. Here,we investigatethe
utility of meanfield theoryfor approximatinghe NNBM distribution.

The meanfield equationsare derived by approximatingthe NNBM distribution in Eq. 2
with thefactorizedform:

A\ Y i
Q@ =T[0nte =] 5= (Z) <7, (10)

wherethedifferentmarginaldensities) (z;) arecharacterizethy themeansr; with afixed
constanty. The productof ~-distributionsis the naturalfactorizabledistribution for non-
negative randomvariables.

The optimalmeanfield parameters; aredetermineddy minimizing the Kullback-Leibler
divergencebetweerthe NNBM distribution andthe factorizeddistribution:

Drr@IP) = [ dsQa)iog | 30| = (E@)ac) +10s2 - HQ. QD

Finding the minimum of Eq. 11 by settingits derivativeswith respectto the meanfield
parameters; to zerogivesthe simplemeanfield equations:

1
j 3
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Figure2: a) Slicesamplingin onedimension.Giventhe currentsamplepoint, z;, a height
y € [0,aP(z)] is randomlychosen.This definesaslice (x € S|aP(z) > y) in whicha
new z;4+1 is chosenb) For amultidimensionaklice S, thenew pointz;,; is choserusing
ballistic dynamicswith speculareflectionsoff theinterior boundarie®f theslice.
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Theseequationscanthen be solved self-consistentlyfor ;. The “free” statisticsof the
NNBM arethenreplacedoy their statisticsunderthe factorizeddistribution Q(z):

(mide = 70, (mimy)e = [(v+ 1) + (v + 1) 8] . (13)

The fidelity of this approximationis determinedoy how well the factorizeddistribution

Q(xz) modelsthe NNBM distribution. Unfortunately for distributions suchas the one
shawvn in Fig. 3, the meanfield approximationis quite differentfrom thatof the true mul-

timodal NNBM distribution. This suggestghat the naive meanfield approximationis i-

nadequatdor learningin the NNBM, andin fact attemptsto usethis approximationfail

to learnthe examplesgivenin following sections However, the meanfield approximation
canstill beusedto initialize the parameterso reasonabl&aluesbeforeusingthe sampling
techniqueshataredescribedelow.

Monte-Carlo sampling

A moredirectapproactto calculatingthe “free” averagesn Eq. 6—7is to numericallyap-
proximatethem. This canbe accomplishedy usingMonte Carlo samplingto generatea
representatie setof pointsthatsuficiently approximatehestatisticsof thecontinuouslis-
tribution. In particular Markov chainMonte-Carlomethodssmploy aniterative stochastic
dynamicswhoseequilibrium distribution convergesto that of the desireddistribution [4].
For the binary Boltzmannmachine suchsamplingdynamicsinvolvesrandom®spin flips”
which changehe valueof a singlebinary componentUnfortunately thesesinglecompo-
nentdynamicsareeasilycaughtin local enegy minima,andcancorvergevery slowly for
large systems.This makes samplingthe binary distribution very difficult, and more spe-
cializedcomputationatechniqguesuchassimulatedannealingclusterupdatesetc.,have
beendevelopedto try to circumventthis problem.

For the NNBM, the useof continuousvariablesmakesit possibleto investigatedifferent
stochastiddynamicsin orderto more efficiently samplethe distribution. We first experi-
mentedwith Gibbssamplingwith orderedoverrelaxation[7], but found thatthe required
inversionof the error function wastoo computationallyexpensve. Instead,the recently
developedmethodof slice sampling[8] seemsparticularlywell-suitedfor implementation
in the NNBM.

The basicideaof the slice samplingalgorithmis shavn in Fig. 2. Givena samplepoint
z;, arandomy € [0, P (z;)] is first uniformly chosen.Thenaslice S is definedasthe
connectedsetof points(z € S | aP(z) > y), andthe new pointz;; € S is chosen
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Figure3: Contoursof thetwo-dimensionatompetitve NNBM distribution overlaidby a)
~ = 1 meanfield approximatiorandb) 500reflectedslice samples.

randomlyfrom this slice. The distribution of z,, for large n canbe shovn to corverge
to the desireddensity P(x). Now, for the NNBM, solving the boundarypointsalonga
particulardirectionin a givensliceis quite simple,sinceit only involvessolvingtheroots
of aquadraticequation.In orderto efficiently choosea new pointwithin a particularslice,
reflective “billiard ball” dynamicsareused. A randominitial velocity is chosenandthe
new pointis evolvedby travelling a certaindistancerom thecurrentpointwhile specularly
reflectingfrom the boundarie®f the slice. Intuitively, the reversibility of thesereflections
allows the dynamicsto satisfydetailedbalance.

In Fig. 3, the meanfield approximationand reflectve slice samplingare usedto mod-
el the two-dimensionalcompetitve NNBM distribution. The poor fit of the meanfield

approximationis apparenfrom the unimodality of the factorizeddensity while the sam-
ple pointsfrom the reflective slice samplingalgorithmare morerepresentatie of the un-

derlying NNBM distribution. For higherdimensionaldata,the meanfield approximation
becomegrogressiely worse. It is thereforenecessaryo implementthe numericalslice
samplingalgorithmin orderto accuratelyapproximatehe NNBM distribution.

Translationally invariant model

Ben-Yishaietal. have proposed modelfor orientationtuningin primaryvisualcortex that
canbeinterpretedasa cooperatie NNBM distribution[9]. In the absencef visualinput,
thefiring ratesof IV corticalneuronsaredescribedasminimizing theenegy function E(z)
with parameters:

Aij 1 € 271’_ .

= 8+ — — —cos(=|i — 14
3 = Gty - yeos(li=iD (14)
Z_-
g

This distribution wasusedto testthe NNBM learningalgorithm. First, alarge setof N =
25 dimensionahonneyative training vectorswere generatedy samplingthe distribution
with 8 = 50 ande = 4. Usingthesesamplesastrainingdata,the A andb parametersvere
learnedrom aunimodalinitialization by evolving thetrainingvectorsusingreflective slice
sampling,andtheseevolvedvectorswereusedto calculatethe “free” averagesn Eq.6-7.
The A andb estimatesverethenupdatedandthis proceduravasiterateduntil the evolved
averagesnatchedhatof thetrainingdata. ThelearnedA andb parametersverethenfound
to almostexactly matchtheoriginal form in Eq. 14. Somerepresentatie samplesrom the
learnedNNBM distribution areshavn in Fig. 4.
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Figure4: Representate samplegakenfrom aNNBM aftertrainingto learnatranslation-
ally invariantcooperatie distribution with § = 50 ande = 4.

a)

Figure5: a) Morphing of a faceimageby successie samplingfrom the learnedNNBM
distribution. b) Samplegieneratedrom a normalGaussian.

Generative model for faces

We have alsousedthe NNBM to learna generatie modelfor imagesof humanfaces.The
NNBM is usedto modelthe correlationsn the coeficientsof the nonneative matrix fac-
torization(NMF) of thefaceimageg10]. NMF reduceghedimensionalityof nonneyative
databy decomposinghe faceimagesinto partscorrepondingo eyes,nosesgars,etc. S-
incethedifferentpartsarecoactvatedin reconstructingface theactivationsof theseparts
containsignificantcorrelationsthat needto be capturedby a generatie model. Herewe
briefly demonstratéow the NNBM is ableto learnthesecorrelations.

Samplingfrom the NNBM stochasticallygenerategoeficientswhich cangraphicallybe
displayedasfaceimages. Fig. 5 shavs somerepresentatie faceimagesasthe reflective
slice samplingdynamicsevolvesthe coeficients. Also displayedn thefigurearethe anal-
ogousimagesgeneratedf a normalGaussians usedto modelthe correlationsnstead.It
is clearthatthe nonngyativity constraintsand multimodalnatureof the NNBM resultsin
samplesvhich arecleanerandmoredistinctasfaces.



Discussion

Herewe have introducedthe NNBM asa recurrentneuralnetwork modelthatis ableto
describemultimodalnonneyative data. Its applicationis madepracticalby the efficiency
of theslice samplingMonte Carlomethod.Thelearningalgorithmincorporatesiumerical
samplingfrom the NNBM distribution andis ableto learnfrom obsenationsof nonney-
ative data. We have demonstratedhe applicationof NNBM learningto a cooperatie,
translationallyinvariantdistribution, aswell asto realdatafrom imagesof humanfaces.

Extensiongo the presentwork includeincorporatinghiddenunits into the recurrentnet-
work. Theadditionof hiddenunitsimplies modellingcertainhigherorderstatisticsin the
data,andrequirescalculatingaveragever thesehiddenunits. We anticipatethe mamginal
distribution over theseunitsto be mostcommonlyunimodal,andhencemeanfield theory
shouldbevalid for approximatingheseaverages.

Another possibleextensioninvolves generalizingthe NNBM to model continuousdata
confinedwithin acertainrangej.e. 0 < z; < 1. In thissituation slicesamplingtechniques
would alsobeusedto efficiently generateepresentatie samplesin ary casewe hopethat
this work stimulatesmoreresearchnto usingthesetypesof recurrentneuralnetworksto
modelcomple, multimodaldata.
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