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Abstract

Recentwork has exploited boundednessof data in the unsupervised
learningof new typesof generative model. For nonnegativedatait was
recentlyshown that the maximum-entropy generative model is a Non-
negativeBoltzmannDistribution not a Gaussiandistribution, when the
modelis constrainedto matchthefirst andsecondorderstatisticsof the
data.Learningfor practicalsizedproblemsis madedifficult by theneed
to computeexpectationsunder the model distribution. The computa-
tional cost of Markov chain Monte Carlo methodsand low fidelity of
naive meanfield techniqueshasled to increasinginterestin advanced
meanfield theoriesandvariationalmethods.Here I presenta second-
ordermean-fieldapproximationfor theNonnegativeBoltzmannMachine
model, obtainedusing a “high-temperature”expansion. The theory is
testedon learninga bimodal2-dimensionalmodel,a high-dimensional
translationallyinvariantdistribution, anda generative model for hand-
writtendigits.

1 Introduction

Unsupervisedlearningof generativeandfeature-extractingmodelsfor continuousnonneg-
ative datahasrecentlybeenproposed[1], [2]. In [1], it waspointedout thatthemaximum
entropy distribution (matching1st- and 2nd-orderstatistics)for continuousnonnegative
datais not Gaussian,andindeedthat a Gaussianis not in generala goodapproximation
to that distribution. The true maximumentropy distribution is known as the Nonnega-
tive BoltzmannDistribution (NNBD), (previously the rectifiedGaussiandistribution [3]),
which hasthefunctionalform���������
	�������������� ������� if ��� �"!$#&%('! if any ��� )*!+' (1)

wheretheenergy function � ����� andnormalisationconstant, are:� �����-� ./�1032�� �54 0/�/' (2), � 687:9�;=<>� �����=�?��� �����@�BA (3)



In contrastto the Gaussiandistribution, the NNBD canbe multimodalin which caseits
modesareconfinedto theboundariesof thenonnegativeorthant.

TheNonnegativeBoltzmannMachine(NNBM) hasbeenproposedasamethodfor learning
themaximumlikelihoodparametersfor this maximumentropy modelfrom data.Without
hiddenunits,it hasthestochastic-EMlearningrule:C 2 �EDGF H � � � DJI@K � H � � � DJI@L (4)C 4 � F H �1� I L � H �1� I K�' (5)

wherethesubscript“c” denotesa “clamped”averageover the data,andthesubscript“f ”
denotesa “free” averageover theNNBD:HNM ����� I LO� PQ RSTVU � M ���=W TVX � (6)HNM ����� I KY� 6�7>91;=<Z�[�\����� M �����]A (7)

This learningrule hashithertobeenextremelycomputationallycostly to implement,since
naive variational/mean-fieldapproximationsfor H �+� 0 I K arefoundempirically to bepoor,
leadingto theneedto useMarkov chainMonteCarlomethods.This hasmadetheNNBM
impracticalfor applicationto high-dimensionaldata.

While theNNBD is generallyskewedandhencehasmomentsof ordergreaterthan2, the
maximum-likelihoodlearningrule suggeststhatthedistribution canbedescribedsolelyin
termsof the 1st- and2nd-orderstatisticsof the data. With that in mind, I have pursued
advancedapproximatemodelsfor theNNBM.

In thefollowing sectionI deriveasecond-orderapproximationfor H � � � D^I@K analogousto the
TAP-Onsagercorrectionfor themean-fieldIsing Model, usinga high temperatureexpan-
sion, [4]. This producesan analyticapproximationfor the parameters2_�EDZ' 4 � in termsof
themeanandcross-correlationmatrix of thetrainingdata.

2 Learning approximate NNBM parameters using high-temperature
expansion

Here I useTaylor expansionof a “free energy” directly relatedto the partition function
of the distribution, , in the .`�a! limit, to derive a second-orderapproximationfor the
NNBM model parameters.In this free energy we embodythe constraintthat Eq. 5 is
satisfied:b ��.['dce�f� �hg�i$j?k 6*l;m<>� k �����onp�� . S ��q D 2$�rD^�1�N��D � S �ts �u��.������1� � ch�B�wvx (8)

where . is an “inversetemperature”.Thereis a direct relationshipbetweenthe “free en-
ergy”,

b
andthenormalisation,, of theNNBD, Eq.3.��gyi , � b ��.['uch�/z"{f| i1}w~��:i�~ � 4 'dce� (9)

Thus, . H �1�B�8D I K�� ��� gyi ,� 2 �ED � �
b

� 2 �ED (10)



TheLagrangemultipliers, s � embodytheconstraintthat H �1� I K matchthemeanfield of the
patterns,c��\� H � I L . Thiseffectively forces

C 4 ��! in Eq.5, with 4 ��� � s �(��.�� .
SincetheLagrangeconstraintis enforcedfor all temperatures,wecansolvefor thespecific
case.���! .c��/� H ��� I K�� � U ; ����� � l7^� U ; �1� ����� � ����� s � ��!������ � � c � �u�8<Z� �� � � l7 � U ; ����� � � � � s � �N!Z����� � � c � �u��<Z� � � Ps � ��!Z� (11)

Notethat this embodiestheunboundednessof � � in thenonnegativeorthant,ascompared
to theequivalenttermof Georges& Yedidiafor theIsing model, c � ���w���/��� s � �N!Z�d� .
We considerTaylor expansionof Eq.8 aboutthe“high temperature”limit, .���! .b ��.['uch��� b ��!+'dce�/z�. �

b
� .����� � U ; z ./�� � �

b
� . � ���� � U ; z�A�A�A (12)

Sincetheintegrandbecomesfactorablein �1� in this limit, theinfinite temperaturevaluesof

b
andits derivativesareanalyticallycalculable.b ��.['uch��� � U ; � � S � g�i 6 l7^� U ; �������\� S � s �(��!Z������� � c����@��<Z� � (13)

usingEq.11;b ��.['uch��� � U ; � � S � g�i�� Ps � �N!Z� ������� S � s ����!Z�wc��������� ¡z S � gyi c � (14)

Thefirst derivative is thenasfollows�
b
� .¢���� � U ; � � ��� � l;¤£ � ��¥ D � 2$�rD^�1�N��D � � � ���1� � ch�N�Z¦^§^¨¦ �ª© ����� � � ��� s k �N!Z����� � � c � �d��<Z� ���� � l; ����� � � ��� s k �N!Z����� � � c � �d�8<Z� �

(15)� S ��q D � P z�«��rDJ�d2_�ED�ch��c�D (16)

This termis exactlytheresultof applyingnaivemean-fieldtheoryto this system,asin [1].
Likewisewe obtainthesecondderivative� �

b
� . � ���� � U ; � �¬ np S ��¥ D 2_�ED��1�N��D vx �Z® ������� � U ; z np S ��q D � P zo«��EDJ�d2_�ED�c���c�D vx �

z ¬ S ��q D 2 �ED � � � D S � � s �� . ��� � � c � � ® ������ � U ; (17)� � S ��q D S � q �°¯ �ED � � 2_�ED^2 � � c��Nc�D�c � c � (18)

Where ¯ �ED � � containsthe integercoefficientsarisingfrom integrationby partsin the first
andsecondtermsand � P zo« �ED � in thesecondtermof Eq.17.

Thisexpansionis to thesameorderastheTAP-Onsagercorrectiontermfor theIsingmodel,
which canbederivedby ananalogousapproachto theequivalentfree-energy [4]. Substi-
tuting theseresultsinto Eq.10,weobtain. H � � � D^I@K[± .�� P z�« �rD �wc � c D � ./�� S � �²¯ �rD � � 2 � � c � c D c � c � (19)



Wearriveatananalyticapproximationfor 2$�rD asafunctionof the1stand2ndmomentsof
thedata,usingEq.19 in thelearningrule,Eq. 4, setting

C 2_�ED³�´! andsolvingthe linear
equationfor 2 .

We canobtainanequivalentexpansionfor s � ��.�� andhence4 � . To first orderin . (equiva-
lent to theorderof . in theapproximationfor 2 ), we haves � ��.�� ± s � �N!Z�/z�. � s �� . ���� � U ; z�µ�µ�µ (20)

UsingEqs.11 & 15

� s �� ."���� � U ; � �¶�� c � �·�
b
� .¢���� � U ; � (21)� �¶�� ch� np S ��q D � P z�« �rD �d2 �ED c � c D�vx (22)� � S D � P zo«��EDJ�d2_�ED�c�D (23)

Hence 4 �/� � s �d��.�� ± � Pc � z5. S D � P z�«��rD^�d2_�ED�c�D (24)

The approachpresentedheremakes an explicit approximationof the statisticsrequired
for theNNBM learningrule H �+� 0 I K , which canbesubstitutedin thefixed-pointequation
Eq. 4, and yields a linear equationin 2 to be solved. This is in contrastto the linear
responsetheoryapproachof Kappen& Rodriguez[6] to the BoltzmannMachine,which
exploits therelationship � � gyi ,� 4 � � 4 D � H � � � D^I � H � ��I�H � DJI ��¸ �ED (25)

betweenthefreeenergy andthecovariancematrix ¸ of themodel.In thelearningproblem,
this producesa quadraticequationin 2 , the solutionof which is non-trivial. Computa-
tionally efficient solutionsof the linear responsetheory are then obtainedby secondary
approximationof the2nd-orderterm,compromisingthefidelity of themodel.

3 Learning a ‘Competitive’ Nonnegative Boltzmann Distribution

A visualisabletestproblemis thatof learninga bimodalNNBD in 2 dimensions.Monte-
Carlo slicesampling(See[1] & [5]) wasusedto generate200samplesfrom a NNBD as
shown in Fig. 1(a). The high temperatureexpansionwasthenusedto learnapproximate
parametersfor theNNBM modelof this data.A surfaceplot of theresultingmodeldistri-
bution is shown in Fig. 1(b), it is clearly a valid candidategenerative distribution for the
data.This is in strongcontrastwith a naivemeanfield ( .��`! ) model,which by construc-
tion wouldbeunableto produceamultiple-peakedapproximation,aspreviouslydescribed,
[1].

4 Orientation Tuning in Visual Cortex - a translationally invariant
model

Theneuralnetwork modelof Ben-Yishaiet. al [7] for orientation-tuningin visual cortex
hasthe propertythat its dynamicsexhibit a continuumof stablestateswhich are trans-
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Figure 1: (a) Training data, generatedfrom 2-dimensional‘competitive’ NNBD, (b)
Learnedmodeldistribution,underthehigh temperatureexpansion.

lationally invariantacrossthe network. The energy function of the network model is a
translationallyinvariantfunctionof theanglesof maximalresponse,¹ � , of the   neurons,
andcanbemappeddirectly ontotheenergy of theNNBM, asdescribedin [1].2_�ED_��º�»8«��rD°z¤P  �½¼ ¿¾ | } » �:À  � % �hÁ � Â�Â5' 4 �/��º (26)

We cangeneratetrainingdatafor theNNBM by samplingfrom theneuralnetwork model
with known parameters.It is easilyshown that 2_�ED has2 equalnegative eigenvalues,the
remainderbeingpositive andequalin value.Thecorrespondingpair of eigenvectorsof 2
aresinusoidsof periodequalto the width of the stableactivation bumpsof the network,
with a smallrelativephase.

Here,the NNBM parametershave beensolved usingthe high-temperatureexpansionfor
training datageneratedby Monte Carlo slice-sampling[5] from a 10-neuronmodelwith
parameters¼ ��Ã , ºh� P !>! in Eq.26. Fig.2 illustratesmodalactivity patternsof thelearned
NNBM modeldistribution,foundusinggradientascentof thelog-likelihoodfunctionfrom
a randominitialisationof thevariables.C � F ��� 2��³z 4 �ÅÄ (27)

wherethesuperscriptÄ denotesrectification.

Thesemodesof theapproximateNNBM modelarehighly similar to thetrainingpatterns,
alsotheeigenvectorsandeigenvaluesof 2 exhibit similarpropertiesbetweentheir learned
andtraining forms. This givesevidencethat theapproximationis successfulin learninga
high-dimensionaltranslationallyinvariantNNBM model.

5 Generative Model for Handwritten Digits

In figure3, I show theresultsof applyingthehigh-temperatureNNBM to learninga gen-
erative model for the featurecoactivationsof the Nonnegative Matrix Factorization[2]
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Figure2: Upper: 2 modalstatesof theNNBM modeldensity, locatedby gradient-ascent
of the log-likelihood from different randominitialisations, Lower: The two negative-
eigenvalueeigenvectorsof A - a) in the learnedmodel, and b) as usedto generatethe
trainingdata.

decompositionof a databaseof thehandwrittendigits,0-9. This problemcontainsnoneof
thespace-fillingsymmetryof thevisualcortex model,andhencerequiresa morestrongly
multimodalgenerative modeldistribution to generatedistinctdigits. Hereperformanceis
poor, althoughsuperiorto uniformly-sampledfeatureactivitations.

6 Discussion

In this work, an approximatetechniquehas beenderived for directly determiningthe
NNBM parameters2 , 4 in termsof the 1st- and 2nd-orderstatisticsof the data,using
the methodof high-temperatureexpansion.To secondorderthis producescorrectionsto
thenaive meanfield approximationof thesystemanalogousto theTAP termfor theIsing
Model/BoltzmannMachine. The efficacy of this approximationhasbeendemonstrated
in the pathologicalcaseof learningthe ‘competitive’ NNBD, learningthe translationally
invariantmodelin 10 dimensions,anda generativemodelfor handwrittendigits.

Theseresultsdemonstratean improvementin approximationto modelsin this classover
a naive meanfield ( .��´! ) approach,without reversionto secondaryassumptionssuchas
thosemadein thelinearresponsetheoryfor theBoltzmannMachine.

Thereis strongcurrentinterestin the relationshipbetweenTAP-like meanfield theory,
variationalapproximationandbelief-propagationin graphicalmodelswith loops. All of
thesecanbeinterpretedin termsof minimisinganeffective freeenergy of thesystem[8].
Thedistinctionin thework presentedherelies in choosingoptimalapproximatestatistics
to learnthetruemodel,undertheassumptionthatsatisfactionof thefixed-pointequations
of the true model optimisesthe free energy. This comparesfavourablywith variational



a) b)

Figure3: Digit imagesgeneratedwith featureactivationssampledfrom a) a uniform dis-
tribution,andb) a high-temperatureNNBM modelfor thedigits.

approacheswhich directlyoptimiseanapproximatemodeldistribution.

Methodsof this type fail when they addspuriousfixed points to the learningdynamics.
Futurework will focuson understandingtheoriginsof suchfixedpoints,andtheregimes
in which they leadto a poorapproximationof themodelparameters.
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