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Abstract

Recentwork has exploited boundednessf datain the unsupervised
learningof new typesof generatie model. For nonneyative datait was
recentlyshovn that the maximum-entrog generatie modelis a Non-
negative BoltzmannDistribution not a Gaussiardistribution, whenthe
modelis constrainedo matchthe first andsecondorderstatisticsof the
data.Learningfor practicalsizedproblemsis madedifficult by the need
to computeexpectationsunderthe model distribution. The computa-
tional cost of Markov chain Monte Carlo methodsand low fidelity of
naive meanfield techniqueshasled to increasinginterestin advanced
meanfield theoriesand variationalmethods. Here| presenta second-
ordermean-fieldapproximatiorfor theNonnegative BoltzmannMachine
model, obtainedusing a “high-temperature’expansion. The theory is
testedon learninga bimodal 2-dimensionaimodel, a high-dimensional
translationallyinvariant distribution, and a generatie modelfor hand-
written digits.

1 Introduction

Unsupervisedearningof generatie andfeature-atractingmodelsfor continuoushonney-
ative datahasrecentlybeenproposed1i], [2]. In [1], it waspointedoutthatthe maximum
entropy distribution (matchingl1st- and 2nd-orderstatistics)for continuousnonnejative
datais not Gaussianandindeedthat a Gaussiaris not in generala good approximation
to that distribution. The true maximumentrogy distribution is known as the Nonnga-
tive BoltzmanrDistribution (NNBD), (previously the rectifiedGaussiandistribution [3]),

which hasthe functionalform
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In contrastto the Gaussiardistribution, the NNBD can be multimodalin which caseits
modesareconfinedto the boundarie®f the nonneyative orthant.

TheNonngativeBoltzmanrMachine (NNBM) hasbeenproposedisamethodfor learning

the maximumlik elihoodparametersor this maximumentropy modelfrom data. Without
hiddenunits, it hasthe stochastic-EMearningrule:
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wherethe subscript'c” denotesa “clamped” averageover the data,andthe subscriptf”
denotesa “free” averageoverthe NNBD:
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This learningrule hashithertobeenextremelycomputationallycostly to implement,since
naive variational/mean-fieldipproximationdor (zz?)¢ arefound empirically to be poor,

leadingto the needto useMarkov chainMonte Carlo methods.This hasmadethe NNBM

impracticalfor applicationto high-dimensionatlata.

While the NNBD is generallyskewed andhencehasmomentsof ordergreaterthan2, the
maximum-likelihoodlearningrule suggestshatthe distribution canbe describedsolelyin
termsof the 1st- and 2nd-orderstatisticsof the data. With thatin mind, | have pursued
adwancedapproximatanodelsfor the NNBM.

In thefollowing sectionl derive asecond-ordeapproximatiorfor (z;z ;)¢ analogouso the
TAP-Onsagecorrectionfor the mean-fieldlsing Model, usinga high temperaturexpan-
sion, [4]. This producesan analyticapproximatiorfor the parametersi;;, b; in termsof
themeanandcross-correlatiomatrix of thetrainingdata.

2 Learning approximate NNBM parameter susing high-temperature
expansion

Herel useTaylor expansionof a “free enegy” directly relatedto the partition function
of the distribution, Z in the 8 = 0 limit, to derive a second-ordeapproximatiorfor the
NNBM model parameters.In this free enegy we embodythe constraintthat Eq. 5 is
satisfied:
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whereg is an“inversetemperature”.Thereis a directrelationshipbetweerthe “free en-
ergy”, G andthenormalisationZ of theNNBD, Eq. 3.

—InZ = G(B,m) + Constant(b,m) 9
Thus,
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TheLagrangemultipliers, A; embodythe constrainthat (z;)s matchthe meanfield of the
patternsm; = (z).. This effectively forcesAb = 0 in Eq. 5, with b; = —X;(5).

Sincethe Lagrangeconstrainis enforcedor all temperaturesye cansolve for thespecific
cases = 0.
I1x f;::o z;exp (— Yy M(0)(z1 — my)) dy, 1
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Notethatthis embodieghe unboundednessf z;, in the nonneyative orthant,ascompared
to theequivalenttermof Geoges& Yedidiafor thelsing model,m; = tanh(A;(0)).

We considerTaylor expansionof Eq. 8 aboutthe “high temperaturelimit, 3 = 0.
oG B% 0*°G
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Sincetheintegrandbecomedactorabldn z; in thislimit, theinfinite temperaturealuesof
G andits derivativesareanalyticallycalculable.
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usingEq. 11;
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Thefirst derivative is thenasfollows
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Thistermis exactlytheresultof applyingnaive mean-fieldtheoryto this systemasin [1].
Likewisewe obtainthe secondderivative
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Wherea;,; containsthe integer coeficientsarising from integrationby partsin the first
andsecondermsand(1 + 4;;) in thesecondermof Eq.17.

Thisexpansions to thesameorderasthe TAP-Onsagecorrectiontermfor thelsingmodel,
which canbe derived by ananalogouspproacho the equivalentfree-enegy [4]. Substi-
tuting theseresultsinto Eq. 10, we obtain
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We arrive atananalyticapproximatiorfor 4;; asafunctionof the 1stand2ndmomentsof
thedata,usingEq. 19in thelearningrule, Eq. 4, settingA A;; = 0 andsolvingthelinear
equationfor A.

We canobtainanequialentexpansionfor A;(3) andhenceb;. To first orderin 5 (equia-
lentto theorderof 5 in theapproximatiorfor A), we have
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The approachpresentechere makes an explicit approximationof the statisticsrequired
for the NNBM learningrule (zzT )¢, which canbe substitutedn the fixed-pointequation
Eqg. 4, andyields a linear equationin A to be solved. This is in contrastto the linear
responseheoryapproachof Kappen& Rodriguez[6] to the BoltzmannMachine,which
exploits therelationship
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betweerthefreeenegy andthecovariancematrix y of themodel.In thelearningproblem,
this producesa quadraticequationin A, the solution of which is non-trivial. Computa-

tionally efficient solutionsof the linear responseheory are then obtainedby secondary
approximatiorof the 2nd-orderterm,compromisinghefidelity of themodel.

3 Learning a‘Competitive’ Nonnegative Boltzmann Distribution

A visualisabletestproblemis that of learninga bimodalNNBD in 2 dimensions.Monte-
Carloslice sampling(See[1] & [5]) wasusedto generate200 samplesrom a NNBD as
shaowvn in Fig. 1(a). The high temperaturexpansionwasthenusedto learnapproximate
parameter$or the NNBM modelof this data.A surfaceplot of the resultingmodeldistri-
bution is shovn in Fig. 1(b), it is clearly a valid candidategeneratie distribution for the
data.Thisis in strongcontrastwith a naive meanfield (3 = 0) model,which by construc-
tion wouldbeunableto produceamultiple-pealedapproximationaspreviously described,

[1].

4 Orientation Tuning in Visual Cortex - atrangationally invariant
model

The neuralnetwork modelof Ben-Yishaiet. al [7] for orientation-tuningn visual cortex
hasthe propertythat its dynamicsexhibit a continuumof stablestateswhich are trans-
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Figure 1: (a) Training data, generatedirom 2-dimensional‘competitve’ NNBD, (b)
Learnedmodeldistribution, underthe high temperaturexpansion.

lationally invariantacrossthe network. The enegy function of the network modelis a
translationallyinvariantfunction of the anglesof maximalresponsed;, of the N neurons,
andcanbe mappedlirectly ontothe enegy of the NNBM, asdescribedn [1].
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We cangeneratdraining datafor the NNBM by samplingfrom the neuralnetwork model
with known parameterslt is easilyshavn that A;; has2 equalnegative eigervalues,the
remaindetbeingpositive andequalin value. The correspondingpair of eigervectorsof A
aresinusoidsof periodequalto the width of the stableactivation bumpsof the network,
with a smallrelative phase.

Here,the NNBM parameterfiave beensolved usingthe high-temperaturexpansionfor
training datageneratedy Monte Carlo slice-sampling5] from a 10-neuronmodelwith
parameters = 4, = 100in Eq.26. Fig. 2illustratesmodalactiity patternf thelearned
NNBM modeldistribution, foundusinggradientascenof thelog-likelihoodfunctionfrom
arandominitialisation of thevariables.

Az o [-Az + 0]t (27)
wherethe superscript™ denotesectification.

Thesemodesof the approximateNNBM modelarehighly similar to thetraining patterns,
alsotheeigervectorsandeigervaluesof A exhibit similar propertiebetweertheirlearned
andtrainingforms. This givesevidencethatthe approximationis successfuin learninga
high-dimensionatranslationallyinvariantNNBM model.

5 Generative Model for Handwritten Digits

In figure 3, | shaw theresultsof applyingthe high-temperaturéiNBM to learninga gen-
eratve model for the featurecoactivationsof the Nonnegative Matrix Factorization[2]
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Figure2: Upper: 2 modalstatesof the NNBM modeldensity locatedby gradient-ascent
of the log-likelihood from different randominitialisations, Lower: The two negative-
eigervalue eigervectorsof A - a) in the learnedmodel, and b) as usedto generatethe
trainingdata.

decompositiorof a databasef the handwrittendigits, 0-9. This problemcontainsnoneof
the space-fillingsymmetryof the visual cortex model,andhencerequiresa morestrongly
multimodalgeneratie modeldistribution to generateadistinct digits. Here performancds
poor, althoughsuperiorto uniformly-sampledeatureactiitations.

6 Discussion

In this work, an approximatetechniquehas beenderived for directly determiningthe
NNBM parametersd, b in termsof the 1st- and 2nd-orderstatisticsof the data, using
the methodof high-temperaturexpansion. To secondorderthis producescorrectionsto
the naive meanfield approximatiorof the systemanalogougo the TAP termfor the Ising
Model/BoltzmannMachine. The efficacy of this approximationhasbeendemonstrated
in the pathologicalcaseof learningthe ‘competitive’ NNBD, learningthe translationally
invariantmodelin 10 dimensionsanda generatie modelfor handwrittendigits.

Theseresultsdemonstrat@n improvementin approximationto modelsin this classover
anaive meanfield (8 = 0) approachwithout reversionto secondarnassumptionsuchas
thosemadein thelinearresponseheoryfor the BoltzmannMachine.

Thereis strongcurrentinterestin the relationshipbetweenTAP-like meanfield theory
variationalapproximationand belief-propagationn graphicalmodelswith loops. All of
thesecanbeinterpretedn termsof minimising an effective free enegy of the system[8].
Thedistinctionin the work presentedherelies in choosingoptimal approximatestatistics
to learnthetrue model,underthe assumptiorthatsatistctionof the fixed-pointequations
of the true model optimisesthe free enegy. This comparedavourably with variational
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Figure3: Digit imagesgeneratedvith featureactivationssampledrom a) a uniform dis-
tribution, andb) a high-temperaturélNBM modelfor the digits.

approachewhich directly optimiseanapproximatenodeldistribution.

Methodsof this type fail whenthey add spuriousfixed pointsto the learningdynamics.
Futurework will focuson understandinghe origins of suchfixed points,andtheregimes
in which they leadto a poorapproximatiorof the modelparameters.
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